0.4 Exercises

0.1 Find all functions z(t), y(t) satisfying

z'(t) = y(t) — z(t),

y'(t) = 3x(t) — 3y(t)-
Find the particular pair of functions satisfying z(0) = »(0) = 1/2.

0.3 The Fibonacci numbers F,, are defined by F; =1, Fo = 1 and forn > 2,
F, = F,_1+ F,_». Find a formula for F,, by solving the difference equation.

0.4 Find the function f(n), n =0,1,2,... that satisfies

fn) = 30—+ 3fn+1) + Ff(a+2), n>1,
ﬂllngof[n] = 1.

0.5 Find all functions f from the integers to the real numbers satisfying

f(n) =%f[n+1]+%f[n— 1) - 1. (0.8)

[Hint: First show that f(n) = n? satisfies (0.8). Then suppose f;(n) and fa(n)
both satisfy (0.8) and find the equation that g(n) = fa(n) — fi(n) satisfies.]

0.6 (a) Find all functions f from the real numbers to the real numbers such
that for all z,

f'(z) + f'(z) + f(z) = 0.

(b) Find all functions f from the integers to the real numbers such that for
all n,

fn+2)=—f(n) - f(n+1).



1.1 The Smiths receive the paper every morning and place it on a pile after
reading it. Each afternoon, with probability 1/3, someone takes all the papers
in the pile and puts them in the recycling bin. Also, if ever there are at least
five papers in the pile, Mr. Smith (with probability 1) takes the papers to
the bin. Consider the number of papers in the pile in the evening. Is it
reasonable to model this by a Markov chain? If so, what are the state space
and transition matrix?

1.2 Consider a Markov chain with state space {0,1} and transition matrix

o [ir2]

Assuming that the chain starts in state 0 at time n = 0, what is the probability
that it is in state 1 at time n = 37

1.3 Consider a Markov chain with state space {1, 2, 3} and transition matrix

’:‘ml‘d

1 2 3

4.2 .4
P=2|60.4
2.5.3

o e

o

What is the probability in the long run that the chain is in state 17 Solve this
problem two different ways: 1) by raising the matrix to a high power; and 2)
by directly computing the invariant probability vector as a left eigenvector.



1.5 Consider the Markov chain with state space S = {0,...,5} and transi-
tion matrix

0 1 2 3 4 5

of 55000 0]
113 7000 0
p_200.10.90
3[.25.25 0 0 .25 .25

al 0 0703 0
5|0 20.2.2 4

What are the communication classes? Which ones are recurrent and which are
transient? Suppose the system starts in state 0. What is the probability that
it will be in state 0 at some large time? Answer the same question assuming
the system starts in state 5.

1.7 Let X,, be an irreducible Markov chain on the state space {1,... ,N}.
Show that there exist C' < oo and p < 1 such that for any states 1, j,

P{Xpm #j,m=0,... ,n| Xo =i} < Cp".

Show that this implies that E(T) < oc, where T is the first time that the
Markov chain reaches the state j. (Hint: there exists a § > 0 such that for all
t, the probability of reaching j some time in the first N steps, starting at 1,
is greater than 4. Why?)

1.21 An elementary theorem in number theory states that if two integers
m and n are relatively prime (i.e., greatest common divisor equal to 1), then
there exist integers = and y (positive or negative) such that

mr + ny = 1.

Using this theorem show the following:
(a) If m and n are relatively prime then the set

{zm + ny : x,y positive integers }

contains all but a finite number of the positive integers.

(b) Let J be a set of nonnegative integers whose greatest common divisor
is d. Suppose also that J is closed under addition, m,n € J = m+n € J.
Then J contains all but a finite number of integers in the set {0,d,2d,...}.
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Homework 1: Ordinary differetinal/difference equations

Question 1

= 32'(t) = —¢/(¢).

a'(t) = y(t) —a(t)
y'(t) = 3(t) — 3y(t)
We now take the integral with respect to ¢ from the both sides:

#(0)=y(0)=3
Sl ——g) 3 2O o

Hence,

a(h)= f%y(t) + %

We substitute x(t) into the original equations in the question:
Y () = —y(t) +2 — 3y(t) = —4y(2) +2.
To make the equation homogeneous, we guess y(t) = at + b is a solution. Then,

a+4at+4b:2:>a,:(]!b:%‘

Now we solve the homogeneous version, where y/(t) +4y(t) = 0 and conclude that y(t) = e1 f(t) + 3. To
find f(t) = e, we have:
At+d=0=Ar=-4

Hence,

Hence,

Question 3

We replace o in the equation:

1
2

1+v5)" 1-v5\"
=0 9 + c2 P)

B8

Fo=F 1+F, 2=2d’=at+l=a=

Hence,




We apply the initial conditions that Iy = > = 1:

{ (552) +er (122) =1

¢ o iR Ly
Cl(lJrg\ﬂ) +(72(1f2‘£) .

c2(1+\/5) (1_\/5)4—02(1_\/5)2*(1+\/5)—1:>czﬁ—1:>t' ﬁ3—\/§

2 2

So,

Question 4

We replace f(n) with a™. Then,
3fn)=fn—D+fln+D+fn+2)=a®+a’-3a+1=0.
a =1 is an answer. Hence,

A +o—3a+1=0= (a—1)(a?+20—1)=0.

Hence,
a—1=0,
(a—1)(e*+20—-1)=0={ or
a2+2a—1=0=>a'=—1ﬂ:\/§.
Therefore,

fn)=c ()" + o (—1 — \/§)n + 3 (\/ﬁ— l)n.

Since lim,—o f(n) = 1: ¢z must be zero otherwise (71 - \/5)" will diverge, e3 would not have an
impact since (\/i — 1)" converges to zero and consequently, ¢; = 1. On the other hand, f(0) = 0, thus
cprte+te3=0=+4+1404¢c3 =0= c3=—1. Thus,

fn)=1- (\/i—l)n.

Question 5
First we show that f(n) = n? is a solution:
n? =05(n+1)%+0.5(n~-1)% - 1=n

Now, we find the homogeneous solution:

20" =a" 4" 1= (a-1)=0=2a=1,1.
Hence,

f(R) = e ()" + con(1)® +n? = ¢; + can+n.
Question 6
Part a

We replace f(x) = ¢ in the ODE. Then, we have:

/\2+/\+1:0:)\:%‘7\/§,



where j indicates the imaginary number, i.e., j = v/—1. Hence,

2

T 4ege 2

f(z) =cre

On the other hand, we know that for a € R, ¢/*® = cos(ax) + j sin(ax). Therefore,

flz)= cre (cos (?m) + jsin (gm)) + coe 3" (cos (?1) — jsin (gr)) :

To have a real-valued function, we need to make imaginary parts cancel out, hence it must be that
¢1 = ¢, Then,

Part b

We replace f(n) = o™ in the difference equation and simplify it. Then,

=L34/8
=

With the help of Google Gemini, we realized that the De Moivre’s formula asserts for a € R:

alta+l=0=a=

Hence,

(cos (az) + jsinfaz))" = cos (anx) + j sin(anz).

Therefore,
_1 . 5 g _1 gl v g 4 4 ke n
fn)=ac (-gj\/g) +ea (2“/3) = (cos Eﬁ + jsin g) + o (cos 8% + jsin 8%)

_ ‘4n,7r 5 el dnmw + ‘87171' + Fexs 8nmw

= ¢y CO8 G jep sin G €9 COS 6 jeosin 5
Also, for alln € {1,2,...}, sin 4'% = —sin 8’%. Hence, to have a real-valued function we must have that
¢ = ¢2. Consequently,

f(n) =c ( cos i) + cos B
ot 6 6 /-

Homework 2: Markov chains

Question 1

Yes, it is possible to model this problem as a Markov chain. The state space S = {0,1,2, 3,4} is number
of papers in the evening after each possible disposal. Then, the transition matrix is as follows:

0o 1 2 3 4

o [1/3 23 0 0 0
1 |1/3 0 2/3 0 0
2 13 0 0 23 0
313 0o 0o 0 23
41 0o o o o0



Question 2
We computed P? using Python software:

5 _ (049537037 (].5[)462963)

~ \0.56770833  0.43229167

So, the probability that the chain is in state 1 in time step 3 is 0.50462963,

Question 3

We use Python software for the computations.

High powers of P.

0.37878788 0.25757576  0.36363636
P> =~ P = [ 037878788 0.25757576  0.36363636
0.37878788 0.25757576  0.36363636

So, with probability 0.37878788, then chain in the state 1.

Left eigenvector of P.

= 0.4m + 0.6z + 0.273 0.37878788
T=7P = { T =027 + 0.573 =7 = | 0.25757576
1=7, +7g + 73 0.36363636

So again, with probability 0.37878788, then chain is in state 1.

Question 5

The communication classes are: {0,1},{2,4}, and{3,5}. {0, 1}, {2,4} are recurrent, and {3,5} is tran-
sient. To compute the probability of being in state 0 in a long run, w compute P>* ~ P using
Python:

0375 0625 0 0 0 0
0375 0625 0 0 0 0

poo_| 0 0 04375 0 05625 0
0.2386 03977 0.159 0 0.2046 0

0 0 04375 0 05625 0

0.2046 0.3408 01989 0 0.2556 0

So, with probability 0.375 the chain would be in state (. Since state 5 is transient, if the chain starts in
state 5, again with probability 0.375 the chain will be in state 0 in a long run because, the system would
eventually leave state 5 and never comes back to it.

Question 7

Since the chain is irreducible, for any two states i, j there exits a natural number N, where there exits
k€ {1,...N} such that P*(i,§) > 0, meaning that staring from 4, j will be reached at most in N steps.
Let 6 be the minimum probability of reaching any state j from state 7 in at most NV steps (§ would be
nonzero due to our initial explanation regarding irreducibility of the chain). Then, the probability that
J is not reached within the first N steps [rom ¢ would at most be 1 — 4. To compute the probability
that j is not reached within the n steps from i, we need to compute how many N steps fit into . This
number would be equal to L%J Then, the probability that j is not reached within the n steps from i is
at most (1 — &)%), Now we have:

P(X,#j,m=0,...,n|X =i <(1-0F <cp,



where p = (1 — d)% <1,and €' = (1—6)"" < 0o (to account for the floor function and since 1 —§ < 1).
Now, we have:

E[T}:ZP(TE'”):ZP(XO?&JP--Xn.—l # §y| Xo=1) SZCPHSE'CS - < 0.
n=1 n=1 n=1

Question 21

For this question, we obtained assistance from Google Gemini model.

Part a

First, note that if we want to contain only positive integers, then n and m must be nonnegative. If one
of them is negative and the other is positive, we would inevitably contain the whole integers. Also, to
rule out the trivial case, let us assume n,m > 1,

Since ged(n,m) = 1, the great common divisor of any multiples of n from 1n to mn with m is also
one. In other words, the set {n,2n, ..., mn} forms the residue system modulo m. Let N be any nonzero
integer, we have N = ny (mod m), where 1 <y < m. Equivalently, we can say N — ny = ma for some
integer x.

We know that since 1 < y < m, y is positive. On the other hand, if N > mn+1, then z = % >0,
hence x is also positive. Therefore, we just proved that for positive integers @ and y, all positive integers
bigger than mn are in the set described in the question.

Part b

Consider the set J' = {ﬁ |jed } If we show for any integer k in .J’ that is bigger than some threshold
K, all but a finite number of nonnegative integers are in J’, then we can conclude for any integer k in J
that is bigger than Kd, all but a finite number of nonnegative integers are in .J

By construction, the greatest common divisor of J's elements is one and also J is closed under
addition. Now, consider an arbitrary element in J’ and let us denote it by a. The set of remainder of
J's elements when divided by a is R = {j' (mod a) | 7 € J'}. Since the greatest common divisor of .J'
is one, the greatest common divisor of R is also one. Therefore, R forms the residue system modulo a,
ie., R=1{0.,1,...a— 1}, where for cach element of r € R there exits at least one element in J' denoted
by j! such that 5/ = r (mod a). Let us denote the largest representative of these elements by K:

K= max{j(),ji,...j;,l}-

Now we show that any integer bigger than K is in .J'. Let k be an integer bigger than K and let its
remainder when divided by a be r, i.e., k = r (mnod a). We know that there is an element in J' with
same remainder, i.e., j., therefore:

k= j: +c-a,

for some integer ¢. Since k > M and j. < M, k — j. > 0 and ¢ - a is positive multiple of a. Since
jrya € J', and J' is closed under addition, both j. and ¢-a=a+a+ -+ a are in J'. Therefore, their
N —
¢ times
sum, k, must also be in J'. This proves that J' contains all integers greater than K. Consequently, .J
contains {(K + 1)d, (K + 2)d, ...}, which completes the proof.



1.9 Consider the Markov chain with state space {1,2,3,4,5} and matrix

1 2 3 4 5
1[01/32/3 0 0]
20 0 0 1/43/4
P=3(00 0 1/21/2
410 0 0 0
5110 0 0 0 |

(a) Is the chain irreducible?
(b) What is the period of the chain?

(C) What are p1‘000(2, 1)._. p]‘000(2, 2),})1‘000(2, 4) (approximately)?

(d) Let T be the first return time to the state 1, starting at state 1. What
is the distribution of T and what is E (T')? What does this say, without any
further calculation, about 7(1)?

(e) Find the invariant probability 7. Use this to find the expected return
time to state 2, starting in state 2.

1.10 Suppose X, is a Markov chain with state space {0, 1,...,6} and tran-
sition probabilities

3 1
0,0)= =, p(0,1) = =,
p(0,0)= >, 9(0,1)= 1
1 1 1
p(la[}) - 5: p(lal) - Z) p(]-a?) - Za

1 1 1
p(ﬁa [}) - Za p(635) - Za p(ﬁaﬁ) - 51
and for j = 2,3,4,5,
p(4,0) = p(4,4 — 1) = p(4,7) =p(4,j +1) = 1

(a) Is this chain irreducible? Is it aperiodic?



(b) Suppose the chain has been running for a long time and we start watch-
ing the chain. What is the probability that the next three states will be 4,5,0
in that order?

(c) Suppose the chain starts in state 1. What is the probability that it
reaches state 6 before reaching state 07

(d) Suppose the chain starts in state 3. What is the expected number of
steps until the chain is in state 3 again?

(e) Suppose the chain starts in state 0. What is the expected number of
steps until the chain is in state 67

1.11 Let X, X5,... be the successive values from independent rolls of a
standard six-sided die. Let S,, = X; +---+ X,,. Let

Ty, = min{n >1: S, is divisible by 8},

T> = min{n >1:S, — 1 is divisible by 8}.

Find E (T}) and E(T>). (Hint: consider the remainder of S,, after division by
8 as a Markov chain.)

1.12 Let X,,Y, be independent Markov chains with state space {0, 1,2}
and transition matrix

0 1 2
of[1/21/41/4
P=1|1/41/41/2
2| 0 1/21/2

Suppose Xg =0, Yy = 2 and let
T=inf{n: X, =Y,}.

(a) Find E (T).

(b) What is P{ X1 = 2}7?

(c) In the long run, what percentage of the time are both chains in the same
state?

[Hint: consider the nine-state Markov chain Z, = (X,,Y,).]



1.14 Let X,, be a Markov chain on state space {1,2,3,4,5} with transition
matrix

2 3 4 5

1

0 1/21/2 0 0 ]
0 0 0 1/54/5
0 0 0 2/53/5

1 0 0 0 0
1/2 0 0 0 1/2]

w
Il
[ Y . o I

(a) Is this chain irreducible? Is it aperiodic?

(b) Find the stationary probability vector.

(c) Suppose the chain starts in state 1. What is the expected number of
steps until it is in state 1 again?

(d) Again, suppose Xo = 1. What is the expected number of steps until

the chain is in state 47
(e) Again, suppose Xy = 1. What is the probability that the chain will

enter state 5 before it enters state 37
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Finite Markov chains

Question 9
Part a

Yes, the chain is irreducible because there is only one communicating class.

Part b

The period of the chain is three because any state is only visited in multiples of three.

Part ¢

Due to the structure of the chain at no time step there would be a probability for transitioning from
state 2 to state 1, nor from state 2 to itself. Hence, Pigoo(2,1) = Piopo(2,2) =0

On the other hand to compute Pigoo(2,4), since the chain is periodic with the period of three and
the remainder of 1000 when divided by 3 is one, the same as number 4, using Python software, we raise
the matrix to the power of 4. Hence, Piooo(2,4) = P1(2,4) = 0.4167.

0 0.3333 0.6665 0 0

0 0 0 0.4167 0.5835
Pi=10 0 0 0.4167 0.5835

1 0 0 0 0

1 0 0 0 0

Part d

T is equal to three deterministically, hence E[T] = 3. It says if we compute 7 = limy e wa"”
for some initial state distribution &, then 7(1) = L.

Part e

To find the invariant probability, since the period of the chain is three, using Python software, we compute
Py, P;, Py and by averaging them we get 7, which would give us E[T}].

0 0.3333 0.6665 0 0 00 0 04167 05835
00 0 0.4167 0.5835 10 0 0 0
P=|0 o0 0 04167 05835 Pi=]1 0 0 0 0
10 0 0 0 0 03333 06665 0 0
10 0 0 0 \o 03333 06665 0 0 )
10 0 0 0
0 0.3333 0.6665 0 0
P;=10 0.3333 06665 0 0
00 0 0.4167 0.5835
0 0 0 0.4167 0.5835




Hence,
0.3333 0.1111 0.2222 0.1389 0.1945
0.3333 0.1111 0.2222 0.1389 0.1945

Pi+ P+ P
po =T TI6 13333 01111 0.2222 0.1389 0.1945
3 03333 01111 02222 01389 0.1945
03333 01111 0.2222 01389 0.1945
Hence, E[T;] = #) =g =9

Question 10
Part a

Yes, the chain is irreducible since there is only one communicating class. Since there are self-loops, the
period of the chain is one and thus it’s aperiodic.

Part b

We need to compute the stationary distribution and the probability of being in state four. After that,
using the structure of the chain, we can compute how the chain transitions to state five and zero sequen-
tially. Using Python software, we have:

0.618 02361 0.0902 0.0345 0.01326 0.005306 0.002653
0.618 0.2361 0.0902 0.0345 0.01326 0.005306 0.002653
0.618 0.2361 0.0902 0.0345 0.01326 0.005306 0.002653
P = 10618 02361 0.0902 0.0345 0.01326 0.005306 0.002653
0.618 0.2361 0.0902 0.0345 0.01326 0.005306 0.002653
0.618 0.2361 0.0902 0.0345 0.01326 0.005306 0.002653
0.618 0.2361 0.0902 0.0345 0.01326 0.005306 0.002653

Hence, 7(4) = 0.01326. So, the probability that 4, 5,0 happens in a long-run is equal to: 0.01326% %* _711 ~
8.28 x 107

Part ¢

For this part we obtained assistance from ChatGPT model.

We need to set up a recursive formula connecting how the chain can hit state 6 before state 0, while
starting at state 1.

Let k(i) be the probability that the chain hits state 6 before state 0, when the chain has started at
state i. We have that 2(6) = 1 and k(0) = 0. For all other state we have that:

h(i) =" P(i,j)h(})
i=1

This gives a set of 5 equations with 5 imknowns (h(1), h(2), h(3), h(4), and h(5)) as follows:

h(5) = 7h4) + Th(5) + 3h(6) = Fh(1) + Th(B) + 1 -1
h(4) = h(3) + 1h(4) + 1)
h(3) = ih(z) + %111(3) + ihm
Mm:imn+ima+imw
h(1) = %h(o) + }lhm £ ih(z) — ST ih(z)



Part d
Using P~ and the relationship E[T}] = Tj we have:

E[fs) = == = ——— ~ 29.

Part e

We need to set up a recursive formula connecting the expected number of steps until reaching state 6
for each distinct state.

Let g(7) be the expected number of steps until reaching state 6, when the chain has started at state
i. We have that g(6) = 0. For all other state we have that:

9(i) =1+ P(i,5)9(j)
J=0

This gives a set of 6 equations with 6 unknowns (g(0), g(1), 9(2),9(3), g(4), and g(5)) as follows:

9(8) =1+ 70(0) + 39(4) + 10(5) + 79(6) = 1+ 79(0) + 1o(4) + 19(5) + 3 -0

4
0(4) =1+ 70(0) + 79(3) + J0(4) + 74(5)
0(3) =1+ 70(0) + 30(2) + 19(3) + 1o(4)
0(2) =1+ 10(0) + 0(1) + 70(2) + 7003
9(1) = 1+ 2900 + 101 + 10(2)
9(0) = 1+ 34(0) + 3o(1)

Solving this system of equations gives us: ¢(0) = 928.

Question 11

For this question we obtained assistance from Google Gemini model.

The state space of the chain comprises {0,1,2,3,4,5,6,7}. Let g(i) denotes the expected number of
rolls until the chain reaches state zero, while starting at state i. We have that g(0) = 0. Definitely we
won't reach the state 0 with just one roll because the outcome would be among 1 and 6. Hence,

B[R] =1+ 23 0() = 1+ ¢ (6(1) + 0(2) +9(3) + o(4) + 4(5) + 9(6)

On the other hand,

I =

T G
Z 62 g (i +jmod 8)

i=1

7
3ol "2 Y
i=0 i=1

That is, the expected number of rolls starting from state i # 0 is equal to rolling the die and the expected
number of rolls of the resulting state. We rearrange the summations to get:

7 6 7
Z ZZ (¢ + j mod 8).
i=1 J=1i=1

C‘slr—



Now for each fixed j, (i+j mod 8) is a permutation of {0,1,2,3,4, 5,6, 7} excluding the number ;. Hence,
. . 7 ;
by denoting S = 3"._; g(i), we have:

6 6
S=T+2 35 - gli) = Y ol) = 42
j=1

=1

Therefore,
i}
BT = 1+ 23" o) = 1+ 5 (o(01) + 9(2) + 9(3) + 9(4) + 9(5) + g(6)) = 8
=1

For computing E[T3], we only need to roll the die once, because the sum of the random variables

before the first roll is zefo, g0 S1_1 = Sp =0, and 0 is divisible by 8.
Question 12
Part a

We need to set up a recursive formula connecting the expected number of steps until two chains meet.

Let g(i,7) be the expected number of steps until the meeting time, when {X,, } has started at state i
and {Y,,} has started in state j. We have that g(k, k) =0, k € {0,1,2}. For all other state, since {X,,}
and {¥,} are independent, we have that:

g(i,7) =1+ >3 P(i,k)P(5, gk, 7).

k=0 I=0
This gives a set of 6 equations with 6 unknowns (g(0,1),g(0,2),9(1,0),g(1,2), g(2,0), and g(2,1)) as
follows:

1 1 1
5(0,1) =1+ 39(0,0) + 79(0,1) + 74(0,2)

0(0.2) = 1+ 39(0,0) + 79(0.1) + 79(0.2)

1 1 1
5‘(1; D) =1+ Zg(lz D) 5 Zg(ls 1) =t 55’(1:2)

1 1 1
g(L2) =1+ ig(l.‘ 0) + 1g(l, 1)+ 59(1,2)

1 1
6(2,0) = 1+0-5(2,0) + 59(2,1) + 59(2,2)

9(2,1) =1+0-94(2,0) + %g(?,l)—k %g(?.\?).

Solving this system of equations gives us: g(0,2) = %135 = 3.3T.

Part b

We need to set up a recursive formula connecting how the chains can meet at state 2 while starting at
state 0 and 2 respectively.

Let h(i, j) be the probability of first meeting at state 2, when {X,, } has started at state ¢ and {¥,}
has started in state j. We have that h(1,1) = A(0,0) = 0 (first meeting should be at state 2), and
h(2,2) = 1. For all other state, since {X,,} and {¥),} are independent, we have that:

h(i,j) =Y P(i,k)P(j. Dh(k,3).

2 2
k=

0 [=0



This gives a set of 6 equations with 6 unknowns UI(D, ].), h(O, 2), h(l, 0), h(l, 2), h(?, 0), and h(?, 1)) as;
R(0,1) = Sh(0,0) + Sh(0,1) + 2h(0,2)
2 4 4
h(0,2) = %h(o,o) + ih(o, 1)+ ih(o, 2)
B(L,0) = Th(1,0) + Th(L 1) + $h(L2)
h(1,2) = 311(1,0) + ih(l, 1)+ %h(L %)

h(2,0) = 0- h(2,0) + 511(21 1)+ -;-h(z, 2)

1 1
h(2,1) = 0-h(2,0) + 5h(2,1) + 5h(2.2).
Solving this system of equations gives us: h(0,2) = 1—; = 0.535.

Part ¢

Since the chains are independent, we need to multiple their invariant distributions for states {1,2,3} and
sum them up. Let us find the invariant distribution by solving & = TP:

1 =\ | f1/2 1/4 1/4
| = |72 1/4 1/4 1/2 and T +Ts+m3 =1,
3 T3 0 1/2 1/2

The solution of this equation is: @ = %(2 4,5). Hence, the probability that both chains spend time at
ik

1 X =
the same states in a long run is equal to: 11;(4+ 16 +25) = 4.

Question 14

Part a

Yes, the chain irreducible since there is only one communicating class. Since state 5 has a self-loop, the
period of the chain is one and the chain is aperiodic.

Part b

We should solve:

% 7 0 1/2 1/2 0 0

T2 :FFQ 0 0 0 1/5 4/5

T3 | = | m3 0 0 0 2/5 3/5 and m +me +m3+m+ 7= 1.

T T4 1 0 0 0 0

7 ) \1/2 0 0 0 1/2
The solution of this equation is: ™ = 55(10,5,5,3,14)
Part c

1
ETi] = —= =37
(1] 70 3

Part d

We need to set up a recursive formula connecting the expected number of steps until reaching state 4
for each distinct state. Let g(i) be the expected number of steps until reaching state 4, when the chain

on



has started at state i. We have that g(4) = 0. For all other state we have that:
gli)=1+ 3 P(iie@).
=034
This gives a set of 4 equations with 4 unknowns (g(1), g(2), g(3), and g(5)) as follows:

9(8) =1+ 39(0) + 19(5)

g(3)=1+ %g(fl) + z4(5)
9(2) =1+ £old) + 50(5)
o) =1+ 30(2) + 39(3)

Part e

We need to set up a recursive formula connecting how the chain can hit state 5 before state 3, while

starting at state 1.
Let h(7) be the probability that the chain hits state 5 before state 3, when the chain has started at

state i. We have that 2(5) = 1 and h(3) = 0. For all other state we have that:
1
@)= 3 PG, )h(j).
=143
This gives a set of 3 equations with 3 unknowns (R(1), 1(2), and h(4)) as follows:

h(4) = h(1)

W2) = Eh() + 205 = Tha) + 3
h(1) = %h@) + %h{S) = ém)
4

Solving this system of equations gives us: h(1) = 3.



1.15 Let X,, be an irreducible Markov chain with state space S starting at
state ¢ with transition matrix P. Let

T = min{n > 0: X, =1}

be the first time that the chain returns to state ¢. For each state j let r(j) be
the expected number of visits to j before returning to i,

T(J) =E [z_: I{Xn J}:I -
n=0

Note that (i) = 1.

(a) Let 7 be the vector whose jth component is 7(j). Show that 7P = .
(b) Show that

E(T)=)_r(j).
jES

(c) Conclude that E (T') = m(i)~!, where 7 denotes the invariant probability.

1.16 Consider simple random walk on the circle {0,1,... , N — 1} started at
0 as described in Section 1.6. Show that the distribution of X7, is uniform
on {1,2,... ,N —1}.

1.18 Suppose we take a standard deck of cards with 52 cards and do the
card shuffling procedure as in Section 1.6. Suppose we do one move every
second. What is the expected amount of time in years until the deck returns
to the original order?

1.19 Suppose we flip a fair coin repeatedly until we have flipped four con-

secutive heads. What is the expected number of flips that are needed? (Hint:
consider a Markov chain with state space {0,1,...,4}.)
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Question 15
Part a

(rP); =Y P(k,5)r(k)

kes

T—1
=3 Pk j)E {Z X, = k}}

kes n=>0

[T—1
=E|> > Pk, j)l{X, = k}]
Ln=0 kS

-1

2[R rons]

"

rr
—E ZE[Xn+1=j|an]
ln=1

g
= Z E[Xn1 =] (tower rule)

n=0

T
= ZE[Xn = J]
n=1
T-1
=Y _B[X, =] (Xo=Xr=i)
n=>0

—E rzlu{x —j}]

n=0

=r(j).
Part b
T—1 T—1 T—1
T=Y 1= Y HX,=j}=) > HX,=j}
n=0 n=0jes JES n=0
We take the expectation from both sides; we have:

H{Xn—j}] =3 ).

JES

T

E[T]=) E

jes

n=

Taking expectations and changing the order of summations were valid since we are in a finite setting.
(=} (L~ (=] L=}



Part ¢

Define the softmax distribution p(j) = E{%, ¥j € 5. Since v = rP, then p = pP. Since the invariant
probability distribution is nunique, then @ = y, and therefore 7(i) = u(i) = ]ET_[UT)‘T‘ and since r(i) = 1, then

E[T] = =&

Question 16

To solve this question, we obtained assistance from Google Gemini model.

The chain starts at zero, hence P(X1, =0) = 0. Therefore, we show that for any state k €
{1,...,N-1}, P(Xq, =k)=1/(N-1).

Fix two arbitrary states ¢,j € {1....,N — 1} and let &; be the event that all states except i,j are
visited. So, 7, j are the only remaining states to be visited. We have that:

P (hitting  before j | ;) =0.5 * P (being in the neighbor of i | &;)+
0.5 % P (being in the neighbor of j | &;).

Let i be our reference state. Suppose the longer distance between 7 and j is d. Then,

P (being in the neighbor of ¢ | &;) = %, and P (being in the neighbor of j | &) = d;dl

Therefore,

P (hitting i before j | £;;) = 0.5 (%l + d;dl) = 0.5

The result is identical if choose the shorter distance between i, j as well.

Hence, we proved that for every two arbitrary state, each of them will be the last visited state with
equal probability. Since these two states were chosen arbitrarily, the results are extended to all states in
{1....,N —1} in which every state has the probability of ﬁ to be the last visited.

Question 18

1
7(52) _ 52!
seconds per year 365 % 86400

Question 19

The transition matrix is equal to:

/2 1/2 0 0 0
/2 0 1/2 0 0
P=|1/2 0 0 1/2 0
/2 0 0 0 172
o 0o 0 0 1

We decompose P in the following way:

Hence,
/2 1/2 0 0 16 8 4 2
2 0 12 0 o 4 |14 08 4 2
Q=112 o o 12| 2 M=I-@7 =112 6 4 2
/2 0 0 0 8 4 2 2

The expected number of steps from 0 to 4 is equal to multiplying the vector (1,1,1,1) to the first column
of M that corresponds to state 0, Hence,

16
1111 i; = 30.

8



2.2 Consider the following Markov chain with state space § = {0,1,...}. A
sequence of positive numbers p;,ps,... is given with Zf:l p; = 1. Whenever
the chain reaches state 0 it chooses a new state according to the p;. Whenever

the chain is at a state other than 0 it proceeds deterministically, one step at
a time, toward 0. In other words, the chain has transition probability

p(z,z—-1)=1, >0,

p(0,z) =pz, z>0.

This is a recurrent chain since the chain keeps returning to 0. Under what
conditions on the p, is the chain positive recurrent? In this case, what is the
limiting probability distribution #? [Hint: it may be easier to compute E (T")
directly where T is the time of first return to 0 starting at 0.]

2.3 Consider the Markov chain with state space S = {0,1,2,...} and tran-
sition probabilities:

p(z,z+1)=2/3; p(z,0)=1/3.

Show that the chain is positive recurrent and give the limiting probability .



2.5 Let X,, be the Markov chain with state space Z and transition probability
p(n,n+1)=p, pnn-1)=1-p,

where p > 1/2. Assume X, = 0.

(a) Let Y = min{ Xy, X1,...}. What is the distribution of Y'?

(b) For positive integer k, let Ty, = min{n : X,, = k} and let e(k) = E [T}].
Explain why e(k) = ke(1).

(¢) Find e(1). (Hint: (b) might be helpful.)

(d) Use (c) to give another proof that e(1) = oo if p = 1/2.

2.6 Suppose J;, Js, ... are independent random variables with P{J; = 1} =
1 —P{J; = 0} = p. Let k be a positive integer and let T} be the first time
that k consecutive 1s have appeared. In other words, Ty = n if J,, = J,—1 =
v+ = Jp—(k-1) = 1 and there is no m < n such that J, = Jpoy = -+ =
Jm—(k-1) = 1. Let Xo = 0 and for n > 0, let X, be the number of consecutive
1s in the last run, ie., X, =k if J,_xy=0and J; =1forn—k < i< n.

(a) Explain why X, is a Markov chain with state space {0,1,2,...} and
give the transition probabilities.

(b) Show that the chain is irreducible and positive recurrent and give the
invariant probability 7.

(e) Find E[T}] by writing an equation for E [T] in terms of E [Tk_;] and
then solving the recursive equation.

(d) Find E [Tk] is a different way. Suppose the chain starts in state k, and
let T} be the the time until returning to state & and Tg the time until the
chain reaches state 0. Explain why

E[Ty] = E[Ty) + E [Tx],

find E [Tp), and use part (b) to determine E [T}).
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Question 2

In order to have a positive recurrent chain, we must have E[T;] < oc, ¥i € S. So for state 0, we should
have:
E[To] = 1 +Zi-pi<oo,

the first move from state 0

hence the required condition is that ;i - p; < oc.
Now we compute the invariant probability distribution (i) = EJ. m(j)p(y,i). For state 0 have:

#(0) = w(1)p(1,0) = 7(1).
for states 1 and 2, we have:

=0 1(0) — w(0)pn,

7(2) = m(0)p(0,2) + m(3)p(3,2) = m(0)p(0,2) + 7(3) = 7(3) = m(2) — w(O)pz = 7(0) — w(O)ps — 7(O)pa-

Hence, for any state ¢ > 1 we have

m(i) =m(0) | 1= p; | ==(0)> p;.
i=1 =i

Now we compute 7(0) using the fact that 357 m(i) = 1. Using the above display we have

o0 oo o0 0o oo oo
D owli) =m0+ w(@) =w0) [ 1+D D pi | =wO) (14D D i | =m0 [1+D i-ps
=0 i=1 i=1 j=i j=11=1 =1
Therefore,
&5 1
70) |1+ §-pj| =1=70)= —=——
; ! 1+327,5p
And for ¢ > 1 we have:
Zk i Pk
Pr = <
Z 1+32.7 pi

Question 3

The chain is irreducible because from any state we can get to state 0 with plobablllty %, and from state
0 we can get to any other state k with non-zero probability of (3) Hence, to prove that the chain is
positive recurrent, it suffices to show that the expected first return time to state 0 is finite and other



states would have finite expected first return times as well. Let g(n) denote the expected number of
steps that it takes to return to state 0, starting at state n. Then,
1 2
gn)=-x1+4+-xgn+1).
3 3
This is an inhomogeneous difference equation and one solution is g(n) = 1. Now we solve the homoge-
neous version:

2
A = AT
T

which result in A = %, and the final solution would be:

g(n):c(g)nﬂ., nef01,...},ceR.

g(0) = ¢+ 1 < oo, which completes our claim that the chain is positive recurrent. Now we find the
invariant probability distribution 7. For state 0 we have:

r(O)zfz:rr(i):%xlzé.

For states i = 1, we have: 5
i) = =m(i—1).
w(i) = 2nli —1)

This is a homogeneous difference equation with the solution (i) = c(%}i. To find ¢, we use 7(0) as
follows: g 3 % 1
) =#2 = Znfo)= =. =
w(1) =2 = 2x(0)= 2.1,

which gives us ¢ = % Hence,

Question 5
Part a

We will show that the distribution of Y is the geometric distribution. The minimum will occur in the set
{...,—2,—1,0}. Hence, we should compute the probability of continuously moving left until a certain
point. For any state i € Z, let

p = P (the chain hits i — 1 | Xp =1).

Hence, if the chains moves left in one step then p = (1 — p) and if the chains moves right, then the chain
should first hit ¢ from ¢+ 1 and then i — 1 from ¢. But, the probability of hitting ¢ from ¢ + 1 is the same
as hitting 7 — 1 from ¢ both equal to p. Due to independence, the probability of hitting i — 1 from ¢ + 1
would be p2. Therefore,

p=(1-p)+pp

Solving this equation gives us

1+4/1—dp(l—p) 14£|1-2p|p>1/214(2p—1)
= = =

={or
2p Zp 2p 1ip

[z
Since, the chain is transient (p > 1/2) and moves toward +0¢, p must be less than 1, thus p = %.

Suppose k € {...,—1,0} is the minimum. Starting from 0, it takes p* steps to reach k& on the left
and with probability 1 — p, the chain would never move left from k any further, hence

(Y = K) = (o)*(1 = p) = (1—;5)k (QP‘ 1) .

p




Part b
Since Ty = 0, using telescopic sum we have that Tj = ZLI T; — T;_1. Hence,

k

k
Z (T Til):| = ZE[Ti —Ti1].

=1

E[Ti] =E

Due to independence, the time between the first visits of any consecutive state i and i — 1 is the same
as the time between the first visits of 0 and 1, hence

k k k
E[Ti| =E {Z (T - TH)} = E[Ti-Taa] = }_E[T1 - Tol "E” kE[Ti] = ke(1).
i=1

i=1 i=1
Part c
Let g(i — 1) be the expected time of reaching state 1 starting rom state i. We have:
g(0—=1) =1+p+g(1—1)+(1-pg(~1-1).
=0
But due to independence,
g(-1—=1)=g(-1 = 0)+g(0 = 1).

And the time it takes to go from state —1 to 0 is the same as the time it takes to go from state 0 to 1.
Thus,
g(—1—=1)=g(—1 =0)+g(0 = 1) = 2g(0 — 1).
So we have,
g0=>1)=1+(1—plg(—1—=1)=p+2(1—p)g(0 — 1).

From the above display we get

1
2p—1°

(1) = g(0>1) =

Part d

Let us assume that if p = 3, then e(1) < oc. We show that this assumption leads to a contradiction. In
Part (c) we showed that

e(l) = 1+ 2(1 — p)e(1) 25 e(1) = 1 + (1) = 0= 1.

1 =0is a contradiction, hence e(1) = oo,

Question 6
Part a

Since at each time step the probability that J; = 1 is independently determined (we have independent
Bernoulli trials), the information needed to compute the probability that X,, becomes k +1 or 0 only
depends on X, = k (because X, can be equal to k+ 1 if X, is equal to k first), for any positive integer
k. Hence, the chain is Markov. The transition probabilities:

P(Xnyi=k+1|Xo=k)=p, P(Xp=0|Xpn=k)=1-p



Part b

The chain is irreducible because we can get back to state 0 from any state with probability 1 — p and we
can get to any state k from state 0 in % steps with probability p* # 0.

Since the chain is irreducible, it suffices to show that E[Tj] < oo to conclude that the chain is
positive recurrent. Let go(z) be the expected number of steps until getting to state 0 for the first time
when starting from state i. We have that:

g0(0) =1+ (1 —p) =0+ pxgo(1)
90(1) =1+ (1 —p) 0+ p*go(2).

Hence, we can see the terms of the general formula:
o0 1
_ — i
E[1h] = g0(0) = 'E:up s < 00,

which completes the claim that the chain is positive recurrent. To find the invariant probability and
considering that the chain is positive recurrent, we have:

(0) = =1-p w(i)=p-n(i—-1),i>1.

By solving the difference equation for 7(i), we have that (i) = ¢-p’, ¢ € R. To find ¢ we use the
requirement that the sum of probabilities should be equal to 1:

m(0)+ Y cpl=1=c=(1-p)
i1
Hence, -
w(i)=(1-p)p', i€{0,1,2,...}.
Part ¢
Let Ey = E[T;]. We have:
Ep=p(Br1+1)+(1—p)(Fr1+1+ Eg).

The above equation says that by reaching state k — 1 for the first time, we either succeed to reach state
k in one step by probability p, or the chain goes back to state 0 and we should start all over again. The
above equation simplifies to:

1 1
Ey=-Fp 1+ -.
r
By writing a few terms of the above sum:
1 1
P p pP

we realize that

- <g)i_1/p(l—(1/P)'“) -1
p)  1-1/p  pRp-1)
Part d

Since each state can only be reached from its predecessor, in order to visit state k more than once, the
chain has go back to state 0 first and moves its way back up. Getting back to state 0 takes E {T{]} steps,
and then it takes E[T},] to get back state k. Hence,

E [Tk} =E [TU] +E[T]



Since the chain is irreducible and positive recurrent, using part (b) and the fact that E {Tk] = ﬁ for
irreducible positive recurrent chains, we have that

s 1 1 s 1 1
e == P
Hence,
1 1 L |
B[] = — e =

(I—ppt 1-p Plp-1)

2.7 Let X, be a Markov chain with state space S = {0,1,2,...}. For each of
the following transition probabilities, state if the chain is positive recurrent,
null recurrent, or transient. If it is positive recurrent, give the stationary
probability distribution:

(a) p(z,0)=1/(z+2), p(z,z+1)=(z+1)/(z+2);
(b) p(z,0) = (z+1)/(z+2), plz,z+1) =1/(z+2);
(c) p(z,0) =1/(z*+2), p(z,z+1) = (z*+1)/(z? + 2).

2.9 Consider the branching process with offspring distribution as in Exercise
2.8(b) and suppose Xy = 1.

(a) What is the probability that the population is extinct in the second
generation (X, = 0), given that it did not die out in the first generation
(X1 >0)?

(b) What is the probability that the population is extinct in the third
generation, given that it was not extinct in the second generation?

' e i

2.11 Consider the following variation of the branching process. At each time
n, each individual produces offspring independently using offspring distribu-
tion {p,}, and then the individual dies with probability ¢ € (0,1). Hence,

each individual reproduces j times where j is the lifetime of the individual.

For which values of g, {p,} do we have eventual extinction with probability
one?



2.15 Let X, X5,... beindependent identically distributed random variables
taking values in the integers with mean 0. Let Sy = 0 and

S, =X, +- -+ X,.

(a) Let
i:f{Sj = r}
7=0

be the expected number of visits to x in the first n steps. Show that for all n
and z, G,(0) > G,(z). (Hint: consider the first j with S; = z.)
(b) Recall that the law of large numbers implies that for each € > 0,

lim P{|S,| < ne} =1.

Show that this implies that for every ¢ > 0,

c) Usmg (a) and (b), show that for each M < oo there is an n such that
0

) 2

(
Gn(
(d) Conclude that S, is a recurrent Markov chain.
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Question 7

First we note that the chains of each section are irreducible and not transient. Because from any state
x we can get to state 0 with non-zero probability and vice versa. Therefore, to determine if chains are
null or positive recurrent, it suffices to determine if E[T}], the non-zero expected return time to state 0,
is finite or infinite. Let g(i) denote the expected number of steps to get to state 0 starting from state 7.
Then, for each section we would have the following:

Part a

Intuitively, we expect this chain to be null recurrent because as @ tends to infinity, p(z, = + 1) tends to
one. We formally show that g(0) = no.
Using the transition probabilities we have:

1 1
gl0)=1+-%g(1)+-*0

2 2
(= T L (3 4 T
T g S T g

92 =1+ 34503+ 70

4 1

o

Hence,

g(0) =

]2
??‘_Ir—‘

,g.
Il
a

But, Y5, # is the harmonic series that diverges in the sense that ¥ ;°; = 0. So matching our
intuition, the chain is null recurrent.

Part b

Intuitively, we expect this chain to be positive recurrent because as x tends to infinity, p(z,z + 1) tends
to zero. We formally show that g(0) < oc.
Using the transition probabilities we have:

1 1
g(O):1+§*g(1)+§x0
g(l)=l+%*g(2)+§*0
@)t L wg(a) 2 w0
g2) =1+ g 1
1 4



Hence,

x4 Taylor’ i
Z ‘L_ e’ aylor s:expanslon) I
k=1

Hence matching our intuition, the chain is positive recurrent. The above calculation gives us w{0) = 5.
For other states > 1 we have:
T = =1
"(o) = —gr(e—1)
The recursive nature of the above formula for m(z), leads to
1 1 1
f(a) = 7(0) - T_, —— = (0 = :
(@) =710) T oy =" O i ~ =g+ 1)

Part ¢

Intuitively, we expect this chain to be null recurrent because as @ tends to infinity, p(x,z + 1) tends to
one. We formally show that g(0) = co.
Using the transition probabilities we have:

1 1
g(0)21+§*g(1)+—*0

2
el 1
1)=1+4 = 2 —*0
=142 02)+ 1
5 1
g(2)=1 6*9(3)+E*D
10 1
g(S)—1+ﬁ 9(4)+H*D
Hence,
.2 o0 1 0o
k _ k
_1+Z 02+2—1+ZHFU 23 =1+ I (1-¢).
k=0 ———t k=0
=,

‘We have that " .
Taylor i
T (H;?:c;(l B Cj)) _ Zln(l ) (Taylor séxpansmn) B Zﬂj-

As k tends to infinity, since E?;O c; = E;io ﬁ < %+E?il 317, and Z;’il ?1; is convergent, Z;io €=
> =t is also convergent. Therefore, the term I152,(1 — ¢;) converges to a positive real number L
j=0 7712 : j=0 J )

(smaller than one). Thus, there exists a K > 0, where for all k > K, 31 ¢ H?:o (l—e) =YL=

0. Since
71+ZH 17.:J+ZH (1 —¢j) = o0,

matching our intuition, the chain is null recurrent.

Question 9
Part a

P(Xs =0, X; > 0)
]P(Xl >0)
Po=0|X;=1)PX; =1)+P(X=0]X; =3)P(X; =3)
]P(Xl > D)

P(Xz=0] X1 >0) =

0.5 0.1 4+ (0.5)% % 0.4
0.5
=02



Part b
‘We have that
o0
F(s) =D pr =05+01s+045>.

k=0
Hence,
ap=P(Xo=0)=0 (by assumption)
alzP(Xlzo):f ao):f(D)ZOIi,
iy = [P(Xg = 0) = f(al) = f(Oﬁ) = 06
a3 =P (X3 =0)= f(az2) = f(0.6) = 0.6464
Therefore,

P(X;=0)—-P(Xy=0)
]P(XQ > D)
 P(X3=0)-P(Xo=0)

I-P(X;=0)
_ 0.6464 — 0.6
T 1-06
=0.116.

IP(XSZDIXQ >D):

Question 11

Inspired by the original branching process formulation, we need to ensure that the effective expected
population growth for each individual is not bigger than one. Let i be the effective expected population
form one individual in one step, then:

o0
p=) i-pitl(l-g).
i=0
We want g < 1, therefore
o0
p=) i-p+l-(l-gs1,

=0

which gives the following that completes our answer:

¥z

i-pi<gq

=0

Question 15

To solve this question we obtained assistance from Google Gemini and Claude AT models.

Part a

For z = 0, the inequality is immediate. Also note that
Gu(z) =E |) I[S;=2][ =) P(S;=2).
i=0 =0

Let # > 0, and T be the first time that S; is equal to 2. Thus,



So we have,

7=0
=Y B(S;=wTi=k)
i=0k=0
=¥ N BL=R B8 = [T—=H
i=0k=0
= NN BL=R B8 = [Ti=H (Fubini)
k=0j=k
=NP(L=kY P(Sj=2|T:=k)
k=0 1=k
= Z}P(TI = k)Z]P(Sj =8| T =k)
k=0 j=k
=N P(T=k) P(S—k=0) *)
k=0 j=k
=] n—k
= Z]P(TI =k) Z P(5 =0) (probabilities are non-negative)
k=0 £=0
<Y P(Tx=k) Y P(S;=0)
k=0 =0

= iP(TJ: = k) Gn(0)

P
< GR(0). (probabilities are in [0, 1])
The application of Fubini’s lemma is justified by reaching the upper bound G, (0) that is finite in the
finite n steps. The part marked by (*) is valid because the probability of revisiting state k, when starting
in state k is independent of the path taken up to time k, i.e., it's new random walk starting from 0.
Part b
First note that
n (Fubini) n n
ubini
5 Gule) = 3RS 0) "B Y SR —a) = YL
z€lL x€Z j=0 J=0xeZ =0
So.
W |
P Cl=2
xER

On the other hand,

> Gulx)= Y Gu(x)+ Y Gula).
|

rEL x| <ne || =>ne



So if we want to show that

= 1 —
dm = 3 Gale) =1,
ja|<ne

then we need to show that
1 1 E
Jim -~ D} Gul@)=lim = 3" M "P(S;=x) >0.

. n—oo M. e
|z|>ne || =ne 3=0

First, we have the identity

S NSBESi=0=3 3 PS;==2)=> P(S;| >ne).
7=0

|z|>ne 3=0 3=0 |z|>ne

L
nlggo EZPUS}_I >mne)— 0
=0
is equivalent to saying that there exists an N > 0 such that for n = N and any § > 0:

%Zn:]?({Sﬂ ) | e h

J=0

The above display is what we are going to prove.
Let us break down the summation into two parts for small positive real number o that its value will
be specified later:

n Lo n
S PS> ne) =D _P(ISi| >ne)+ Y. P(IS)] > ne).
j=0 j=0 i=lan]+1
A B

For the first term A we have:

lan] [am]
A=>"P(Sj|>ne) < Y 1=lon] +1.
=0 =0
So,
lim l CA=a.
n—oo 1

For the first term B we have:

lon| < lan| +1 Sjgnizzlundjgcm.
J

S; S S S
{4>e£} c {—,J >e}=>»]]1’(—‘J >EE,) SP(—? >e).
J F F 7 F )
Since j > an, as n tends to infinity, j tends to infinity, and the law of large numbers states that for large

n and some real number 7 > 0:
S,
P (—J b= 6) <n.
J

B= Y P(S]|>ne) < (n—lan))n.
j=lan]+1

Since ? >1:

So



And,
lim E-Bg(lfo:)n L

n—oo 1

By choosing o =5 = ga.nd making é tend to zero, we have that
1 n
,}E\I;OEX;]PUSJ‘ > ne) — 0,
i=

or equivalently there exists an N > 0 such that for n > N and any 6 > 0:
1 n
= E P(]|8;] > ne) | < 4.
n
=0

Part ¢

Using Part (a) we have:

Z Gulz) < Z Gp(0) = (2[ne| + 1)Gn(0D).
I

|z|<ne x| <ne

We divide hoth sides by n and take the limit as n tends to infinity. Then, we use Part (b):
1
1 < 2eGy,(0) = % < Gn(0).
€

Choosing € = ﬁ M # 0 completes the proof. For M = 0 the inequality is immediate as shown in Part

(a).

Part d

We need to prove that the Markov property holds on the chain and the chain is recurrent.

The chain is Markov because the value of S, is predicted using only the value of S;,_;. More explicitly,
Sp = Sn_1+ Xu, so the only information required from past is S, 1.

To show that the chain is recurrent, we need to show that the expected number of visits to each
state is infinite. Let V}, denote the number of visits to state k, so Gn(k) = E[V}]. First consider state 0.
Go(0) = G,_1(0) +P(S, =0) > G,,_1(0). So, G,,(0) is an increasing sequence. We sowed in Part (c)
that G (0) is unbounded above. Consequently, for an increasing sequence that is unbounded above we
have

E[Ve] = lim G (0) = oc.

To prove that for all other states k 2 0, E [V;] = oc. We show that the chain is irreducible and since the
expected visits to state 0 is infinite, the expected visits to all other states are also infinite. To prove the
irreducibility, note that by the assumption E[X,] = 0, n € {0,1,2,...}. By independence of Xs, we
have that E[S,] =0, n € {0,1,2,... }. Since the random walk is moving on Z, E[S,] = 0 means that
the chain is not drifting toward +oc and there is a non-zero chance both states k and —k are reached,
which proves that the chain irreducible.

3.1 Suppose that the number of calls per hour arriving at an answering
service follows a Poisson process with A = 4.



(a) What is the probability that fewer than two calls come in the first hour?

(b) Suppose that six calls arrive in the first hour. What is the probability
that at least two calls will arrive in the second hour?

(e) The person answering the phones waits until fifteen phone calls have
arrived before going to lunch. What is the expected amount of time that the
person will wait?

(d) Suppose it is known that exactly eight calls arrived in the first two
hours. What is the probability that exactly five of them arrived in the first
hour?

(e) Suppose it is known that exactly k& calls arrived in the first four hours.
What is the probability that exactly j of them arrived in the first hour?

3.3 Suppose X; and Y; are independent Poisson processes with parameters
A1 and As, respectively, measuring the number of calls arriving at two different
phones. Let Z; = X; + Y;.

(a) Show that Z, is a Poisson process. What is the rate parameter for Z7

(b) What is the probability that the first call comes on the first phone?

(c) Let T denote the first time that at least one call has come from each
of the two phones. Find the density and distribution function of the random
variable T'.

3.5 Let X; be a Markov chain with state space {1,2} and rates a(1,2) =
1,(2,1) = 4. Find P,.

3.10 Suppose a gives the rates for an irreducible continuous-time Markov

chain on a finite state space. Suppose the invariant probability measure is 7.
Let

p(z,y) = a(z,y)/a(z), =#v,

be the transition probability for the discrete-time Markov chain corresponding
to the continuous-time chain “when it moves.” Find the invariant probability
for the discrete-time chain in terms of 7 and a.

3.11 Let X; be a continuous-time birth-and-death process with birth rate
An =14(1/(n+1)) and death rate u, = 1. Is this process positive recurrent,
null recurrent, or transient? What if A, =1 — (1/(n+ 2))?



3.14 Consider a birth-and-death process with A,, = 1/(n + 1) and u, = 1.
Show that the process is positive recurrent and give the stationary distribu-
tion.
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Continuous-Time Markov Chains
Question 1
Note that in a Poisson process P (X; = k) = E_M%.K.

Part a
P(X1<2)=P(X;=0)+P(X;=1)=e? +4e~¢ =52

Part b

Because the arrivals in different intervals are independent, the information about the six calls in the first
interval does not effect the probability of having at least two calls in the second interval. Similar to Part
(a), for any single interval (e.g., the secand interval) such that at least two calls occur we have:

P(X>2)=1-P(Xa<2)=1-P(X; <2)=1-5e*

Part ¢

Let Y715 denote the amount of time the person has to wait. We know that each arrival time has an

exponential distribution with mean A, so E[Y}5] = 12 = 22 = 3.75 hours.

Part d

Due to independence of calls’ arrival in different intervals, the probability that a call has happened
between two consecutive intervals is é Using the binomial distribution we have:

ro otz o= () () () ()"

This part is the generalization of Part (d).

By a3
P(X1:j|X1+X2+X3+X4:R‘):(j)'(i) (jl) .

Part e



Question 3

Part a

k
=0
k
= Z]P”(Xg =i)P(Yi=k—1i) (independence)
=0
k

)k—i

(A2
0

k
_—aaatk i ()
= bl g )
=0
k

ik k! o
— (At . B Ak—i
= Ml — i 1

k

R kY | xigk—i

8 k!z g s
=0

i
— =M +/\z)ty().1 + Ag)k (Binomial theorem)

— oAt (t(h + Ag))”
P

where the last line is the Poisson distribution with parameter A; + A2. Hence, Z; follows a Poisson
distribution with the rate parameter A; + Ag.

Part b

Let Tx,Ty be the first times that the first calls arrive on the first and the second phones respectively.
Tx,Ty are independent and follow the exponential distributions with parameters Ai, ;. We have:

P(Tx <Ty)= AWP(TY > ) dFr, (x)

-/ ~ ( / ™ ary, (y)) Fr (w)de
= Lm (]:O Age**zydy) fry (z)da

00
=j Ape=MT L g gy
0

Ay
A+ Ay

Part ¢

Let Tx, Ty denote the first time that one call has come from each of the phones respectively. Tx, Ty
follow the exponential distributions with parameters A\, A2. Also, T = max(Tx, Ty}, so we have:
P(T<t)=P(Tx <t,Ty <%)
=PTx <t)P(Ty <¥) (independence)
(1) (1)
= FT(t).



To find the probability density function, we take the derivative of Frr(t) with respect to #:

d
- Fr(t) = Me b (1 —ed2t) 4 dpem el (1 —eMt) = e Ml 4 dge M2l — (A + Mg)e (Mthall,
Question 5

A:(_l 1), gl HeE(A —AT] =0 N5

a-ane =30 V)6 B )
=50 36 ) ()

445 1 gt
4—4e % 14475

And,

b

Il

Q
T
(e
5
S
.
| =

o=

Question 10

Let A be the infinitesimal generator matrix. In the continuous-time chain we have:

RA=0= ofe)r(e) 4 3 r)aly.x) =0 n(r) = Y ) 21T
yFr yFET

Let p be the invariant probability distribution in the discrete-time chain. We have:

u=pP EEIZ, o) = nply, @) = plz) = Z#(y)cﬁj)-
yFx yFr

Since

z,u Q(E’("? , and
y#ET

3 nle) = Y ute) =

£

we conjecture that p(z) = C'-w(x) - o(x). Plagging this guess for p into u(z) = 37, ., () 28 o get:

C - n(x) -ale) = ¥ Only)a(y)

y#z

=C
o) —C 2"

y#Fx
BY ( Ey#r ( ) Qr;;:

C w(y)aly,x) = C-w(x) - af2),
yFr

confirming that our guess was correct. To find C' we use 3, u(y) = L:

1

Thus,



Question 11

_ 1 _ n42 — 1.
')\n*1+m*ﬁzﬁunfl-
oo o0 o0 o0
: 1 . 3 1 i 2 o lopy
ZH":Y;!—Q = Hile':% = ZHL;H—I = Z 512 (Z"E' X o0 = the chain is recurrent.
k=1 k=1 k=1 k=1
oo =) oo o
1A +2 I+1 k+1
1+ an;é =14 Zﬂﬁ;é : =1+ Z Ty Ll 1+ Lo N oc = the chain is null recurrent.
k=1 G =1 ntl k=1 i = 1
I . | +1 -
< A =1 T Z—H Hn =

Eel
|
[
¥
4
5
5
H
CRE
+
-
|
n
L
+
i

Question 14

oo ] =]

k—1_An -1 1 1 s

g=1+ [ b =1+ - =1+ — =e < 00 = positive recurrence.
; Uil g =0nt1 Z

7A0...A;‘-,1 - 1
m(k) = Jhieesltig L T@

4.2 The following game is played: you roll two dice. If you roll a 7, the game
is over and you win nothing. Otherwise, you may stop and receive an amount
equal to the sum of the two dice. If you continue, you roll again. The game
ends whenever you roll a 7 or whenever you say stop. If you say stop before
rolling a 7 you receive an amount equal to the sum of the two dice on the last
roll. What is your expected winnings: a) if you always stop after the first roll;
b) if you play to optimize your expected winnings?

4.4 Consider Exercise 4.2. Do the problem again assuming;:
(a) a cost function of g = [2,2,2,2,1,1,1,1,1,1,1];
(b) a discount factor a = .8;
(¢) both.



4.7 If uy(y),uz(y),. .. are all functions that are superharmonic at z for P,
e,

Pu;(z) < u;(z),
and we let u be the function

u(y) = inf ui(y),
show that u is superharmonic at z for P.

4.9 Suppose X, is random walk with absorbing boundary on {0,1,2,...}
with
1
p(n,n+l) :p(n:n_ 1) = E: n Z 1.

Suppose our payoff function is f(n) = n?. Let us try to find a stopping time
T that will maximize E [f(X7)].

(a) Show that if X,, > 0, then

E[f(Xn+1) | Xﬂ] > .f(Xn)

Conclude that any optimal strategy does not stop at any integer greater than

0.

(b) Since the random walk is recurrent, we know that we will eventually
reach 0 at which point we stop and receive a payoff of 0. Since our “optimal”
strategy tells us never to stop before then, our eventual payoff in the optimal
strategy is 0. Clearly something is wrong here—any ideas?
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Optimal Stopping
Question 2

Part a

There are 36 possible combinations in total for number between 2 and 12. We list the ways that each
individual outcome can appear:

state (i) count n(z) combinations
2 1 1+1
3 2 T12,211
1 3 1+3,3+1,2+2
5 4 114411243312
6 5 1+55+1,4+2,2+4,3+3
7 (Game over) 6 34+4,44+3,14+6,6+1,2+55+2
8 5 1+45+3,3+56+22+6
9 1 6+3,3464+5,5+4
10 3 5+56+4,4+6
11 2 6+4+55+6
12 1 6+ 6
The expected winning after the first roll is equal to
Bt 6 42-7
% 1:21*71(1) T B =g ~ 5.83.
Part b
Since the expected winning after the first roll is 5.83, the optimal strategy for each of 1,2,...,5 is to
continue and for each of 8,9,...,12 is to stop. Since T is terminating, the only state that we need to

compute the optimal strategy for is state 6. Suppose the optimal strategy in this state was to continue,
then by defining u as the optimal expected payoff for this state we have:

12

21 140
=P < — i i — U= — == 6.6 = "
u (176)u+36i=81xn(z):>36u - =u 6> 6= f(6)

So, the optimal strategy in state 6 is also to continue. Hence, the game only stops at states 7,8, 9,10,11,12
and the expected winning is:

. 1 . . 15 140 140 140
6.66*]1”(:56)+—2Hn(1)7ﬁ-iJr%—ﬁ—S.ﬁﬁ.



Question 4
Part a

We pay g(i) at state i. Define the effective one step payofl h = f — g as follows

state (j) = h(j) | count n(j)
0 1
1 2
2 3
3 4
5 5
6 (Game over) 6
7 5
8 4
9 3
10 2
11 1
+ We stop on the first roll:
Tt
3% 2o h)#n(i)=
=06
0*1+1*2+2*3+3*4+5*5+7*5+8*4+9*3+10*2+11*17@m472
36 36 o

« We play to optimize:
Since the expected effective payoff at the first roll is 4.72, for states bigger or equal to 8 we should
stop. At the same time, since the expected effective payoff at the first roll is 4.72, it is logical
to continue at states ¢ = 2,3,4.5 because if we stop at state 5, then 5 —2 < 4.72. The only
non-obvious state to continue or stop is state 6. Let us assume that we continue playing in state 6
as well. The expected effective payoff u would be:

1
: 1 5 ; 15 125 125
uf]]’(zﬁﬁ)u+%gz7h{g)*n(ﬂ$ (17%) ol e > 5= f(6) - L

So, we should continue at state 6 as well. Consequently the expected effective winning is equal to:

125 1
i 1 ; o
P(i <6)* S +36 E h(j) s n(j) 5

Part b
We discount future returns by o

+« We stop on the first roll:

The discounting would be irrelevant and the same as Question 2 Part (a), we get:

1 6 42 -7
—E (i) — T+ — = ——— = H.83.

Y Aol =Txg="¢ -
« We play to optimize:

Since the discounted expected payof after the first roll is 0.8 % 5.83 = 4.66, for states bigger or
equal to 5 we should stop. At the same time, Since the discounted expected payoff after the first
roll is 4.66, it is logical to continue at states i = 2,3, 4 because if we stop at state 4, then 4 < 4.72.



We need to make sure the discounted expected payoff of continuing at state 4 is bigger than 4. The
discounted expected payoff u would be:

12

u:aﬂ”(igﬁl)u—}—i Z ixn(i) =
=5 ,iAT
1 190 475
(lfD.S*E)ufﬁiu— 3 =6 >4= f(4).

So, we correctly continue at state 4. Consequently, the discounted expected winning is equal to:

. 475 1 == . . AT
0.8*]]’(154)*7—8+%i:§ﬂz*n(z): 73 =~ 6.

Part c
‘We discount future returns by o.

+ We stop on the first roll:

The discounting would be irrelevant and the same as Part (a) we get:

11
1 . .
3% > k(i) #n(s) =
=046
0#1+1%2+243+3%4+5%5+T*5+8%4+943+10%2+11%1 170

o5 = a2 4,72,

+ We play to optimize:
Since the discounted effective expected payoff after the first roll is 0.8 * 4.72 = 3.77, for states
bigger or equal to 6 we should stop. At the same time, Since the discounted effective expected
payoff after the first roll is 3.77, it is logical to continue at states ¢ = 2,3, 4, 5 because if we stop at
state 5, then 5 — 2 < 3.77. The discounted effective expected payoff u at state 5 would be:

11
u:aP(iSS)u+i Z h{g)*n(j) =
J=0.j#6
10, 150 50 ...
(I—D.Sx%)u—%éu— 28 = 5.35 > 5 = f(5).

So, we correctly continue at state 5. Consequently, the discounted expected winning is equal to:

11
; 1 ) ;
0.8«P (i <5)%5.35+ % E h(j) * n(j) = 5.35.
J=5,j#6

Question 7
Let u(x) = inf; u;(x). Fix an arbitrary index 7. Since P is positive linear operator we have,
Pu(x) < Pui(z) < wui(z).
Since ¢ was chosen arbitrary we have
Pu(z) < i?f wi(z) = u(x)

which completes the proof.



Question 9
Part a

First we show when X,, > 0 it is always the case that

E[f(XnJrl) ‘ Xn] > f(Xn)-

Let X, be any positive integer k. Then, f(X,) = k*. On the other hand,
1 1
Elf (Xnt1) | Xn=kK = i(k -1+ 5(1: +1) =k 41> k= f(X,),

which completes the first part of the argument. Now, to show no optimal strategy stops at any positive
integer, i.e., T = 00, we use the tower rule of expectations. Let T = ¢, where ¢ is any positive integer.

We have
(proved above)

E[f(Xr)]=E[f(X)] = E[E[f(X¢) | Xi4]] > E[f(X;-1)]-

So we proved that for any positive integer ¢ such that T' = ¢, we have E [f(X})] > E[f(X;_1)]. Therefore,
to let E [f(X})] increase, we should let ¢ tend to infinity, which completes the proof.

Part b

The flaw is happening in interpreting the max and sup operators. The optimal strategy chooses a T that
mazimizes E [f(X1)]. But, E[f(Xr)] has the values in [0,¢) and is monotonically increasing in T So,
while sup{E[f(X71)]} = 00, its maximum does not exists. Therefore, despite reasoning about it in the
previous part, no optimal strategy exists that can name a positive integer 7' maximizing E [f(X7)].

5.2 Suppose that X; is a Poisson process with parameter A = 1. Find
E(X; | X;) and E(X2 | X1).

5.4 Let X, X2, X3,... be independent identically distributed random vari-
ables. Let m(t) = E (e!*1) be the moment generating function of X; (and
hence of each X;). Fix ¢ and assume m(t) < co. Let So = 0 and for n > 0,

Sn=X1+ -+ Xn.

Let M, = m(t)""e!S». Show that M, is a martingale with respect to
X1, Xo,. ...
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Martingales

Question 2

X5 is the number of customers by the end of the second interval. We write X5 as:
X2=X1+(X2—Xl).

The number of arrivals during the second interval, i.e., (X2 — X1) is independent of arrivals in the first

interval, i.e., X, hence E[X; — X, | Xi] = E[X; — Xi] = A = 1. Therefore, we have
]E[XQ { Xﬂ =X +E[XQ—X1 ‘ X1J=X1+]..

For the second part, suppose Xo = n. If during the first two intervals n customers have arrived, due to
independence of arrivals in each interval, each customer could have arrived with 50% probability during
each of the intervals. So,

_X

E[X1|Xg=n]=g— :

Question 4

Let F,, denote the filtration until and including step n. We need to show
E[Mpy1 | Fo] = My,
‘We have,
E[Mny1 | Fal = E [m(t)"+etSnes | 7]
=K [m(t)7(n+1)eis“ st | fn}
= m(t) "Mt E [tXn | By (Sn is Fp-measurable)

Since random variables are independently identically distributed, given 7, X 41 acts the same as X
given Fy. Hence, E [etX“*“ | Fn] =K [etX‘] =m(t). Therefore, the proof is completed as

E Mty | Fo] = m(t)~+etSn B [etXnH | Ful
= m(t)~MHDetSn (1)
= m(t)’”ets'*
= M,.

8.1 Let X be a normal random variable, mean 0 variance 1. Show that if
a>0

2 2
P{X >a}l < —2_¢—2/2,
(X 2a}s =

(Hint:

> @

e~*/2 dg = e /2 dg.)



8.3 Let X,1,...,Xnn be independent Poisson random variables with mean
1/n. Then

X :Xn1+"'+Xnn;
is a Poisson random variable with mean 1. Let

Mn = ma.x{an, cen ann}-

Find
lim P{M, > 1/2}.
n—oo
8.6 If Y;,...,Y, have a joint normal distribution with mean 0, then the

covariance matrix is the matrix I' whose (3, j) entry is E (Y;Y;). Let X; and
$1,...,8, be as in Exercise 8.5.

a) Find the covariance matrix I' for X,,,... ,Xs,, .

&The moment generating function (mgf) for Y,...,Y, is the function
f :R™ — R defined by

f(tl, e :tn) = E [ef1Y1+"-+tnYﬂ]‘

Find the mgf for Y7,...,Y, in terms of its covariance matrix I'.

(e) If two distributions have the same mgf, then the two distributions are
the same. Use this fact to prove the following: if Y7,...,Y,, have a mean 0
joint normal distribution, and E [Y;Y;] = 0 for all ¢ # j, then Y3,... Y, are
independent.

8.7 Suppose X; is a standard Brownian motion and Y; = a~1/2X,, with
a > 0. Show that Y; is a standard Brownian motion.

8.8 Suppose X; is a standard Brownian motion and Y; = ¢X;,,. Show that
Y; is a standard Brownian motion. (Hint: it may be useful to use Exercise

8.6 (c).)
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Brownian Motion

Question 1

P(X 1 oo gz (hint) ] i 2 a2
>a)=— ez < — e 2 =——e 2z,
=a) QWi o \/QTrj; av 2T

We only need to prove the hint, given in the question, holds. Since the exponential function is non-
negative, it suffices to show that —2? < —aa for # > a > 0. Consider the function:

h(z)= -2+ az, x>a>0.
We will show that 2 < 0 on its domain. The roots of I are a and 0. According to the domain, the only
acceptable oot is a. Since h is concave for any @ > a, h(z) < 0 completing the proof.
Question 3

Since X,,;, i = 1,2,...n are Poisson random variables, they only take values on non-negative integers.
Hence, we have the following equalities between events:

{Mn > %} S {My 21} = (X = 0, X2 =0, .., X = O}5.
On the other hand we have:

o .
W=, Kie=1. . ., K= 1] =T B =0} =TI (e*””%l) = (671””) =L

Therefore,

lim P(M, > 1/2) = lim (1 —e7?) =1 —e7%.

n—oo n—00

Question 6

We obtained assistance in solving this question from Google Gemini model.

Part a

Let ¢ and j be two positive integers that ¢ < j. For a standard Brownian maotion we have:
E [XlXj} (towe;ru]e) E [E [XiXJ ‘ J:EH _E [Xl E [X} | }_l]] [Markov:property)

E[X; X =Var(X, — Xo) = ¢ = min(i, ).

Using s < s5 < -+ < s, notation instead of ¢ and j, we have:
81 81 51
52 82 52

| G==



Part b
Let
Z=tuY  + - -ta¥Yn.

Since Z is the linear combination of normal random variables, it is also a normal random variable. Now

we compute the mean and variance of Z. By the linearity of expectations, E [Z] = 0. The variance of Z
is computed as follows:

o2 =Var(Z) = Cov | Y " 4Y, ) ;Y]
gt

i=1

=B ¥ 3 5Y
i=1 =1
= |3 ) a4ty
i=1 j=1
=) > t;E[ViYj]
i=1 j=1
=% ¥ Ly
i=1 j=1
=t'Tt.

We want to find E [¢Z], where Z ~ A(0,02). Using the law of the unconscious statistician, we have:

z L * z —Z
Ele“] = —f e e 22dZ
[+ V2mo2 J oo
2242502
T 202 dz

1 oG
- _f g
V2mo? Jowo

1 o0 z%42z0%40d-a
N e 2r% dZ
V2o J oo
(z+0)?-ol
bl et
= e

1 o0
s | e
V2me2 J e

r 1 . ) ;
=e? . \/ﬁ e i dZ (Shifting the mean preserves the probabilities’ sum)
ol J o

1

1 non
= eXp EZZtithij

i=1 j=1

Part c
If E[Y;Y;] = 0 for all @ # j, then using Part b:

1o 1
fltr, - tn) = exp (5 thv3r(}1)) =TI, exp (it?Var(Y})) .
i=1
But similar to our proof in Part b, exp (%t?Var(Yi)} is the MGF of ¥; that has mean zero. So,

Pl ) =T coxp Gtgwrm)) R Y oL



We also know that two random variables are independent if and only if their joint MGF is equal to
the product of their marginal MGFs. And, since in the question it is hinted that two distributions are
equal if and only if their MGFs are equal, we have proved MGF of Y7, Y3, - Y, is equal to the MGF of

independent random variables, hence Y7, Y5, -+ - Y,, must be independent.

Question 7
We need to prove the following four properties:

1LY, =o.
1
Yb=ﬁXu(

2. For any s; < t; < sy < ta--+ < s, < t,, the random variables Y;, — Y, .---Y, — Y, are
independent.

Xo=0)

For any i # j we have

_Y.)(%, ~Ya)] =E {%(Xm, - Xasl)%(xmj - XMJ)}

(X; isa Broi-'nian motion) i _
- ]E {ﬁ(Xatl Xus{):| ]E |:
=E[(Y,, - Y:)IE[(Y;, —Y5,)].

E[(Y;

1
ﬁ(Xm‘.J T Xas])

3. For any s < t, the random variables Y; — Y; has a normal distribution with mean zero and variance
(t—s).
Yi= %Xﬂt is a multiple of a normal random variable, so it is also a normal random variable.
Consequently, any linear combinations of ¥; and Y for s < ¢ is normal. Now we compute the mean
and variance:
1
NG
g 1
Var(Y; — 19) = =Var(Xy — Xas) =
a

E[K - Yﬁ} = E [Xat = Xﬂs] =0.

alt —s)

=1t—s.

4. The paths are continuous, i.e., the function ¢ — ¥} is a continuous function of t.

Since Y; is a multiple of X,; and X; is a Brownian motion (so is continuous), it follows that Y; is
also a continuous function of time.

8.9 Let X; be a standard Brownian motion. Compute the following condi-
tional probability:

P{X,> 0| X; > 0}.

Are the events {X; > 0} and {X> > 0} independent?

8.11 Let X, be a standard (one-dimensional) Brownian motion starting at
0 and let

M =max{X;:0<t<1}.

Find the density for M and compute its expectation and variance.



8.14 Let X, be a standard (one-dimensional) Brownian motion started at a
point y chosen uniformly on the interval (0, 1). Suppose the motion is stopped
whenever it reaches 0 or 1, and let u(t,z),0 < < 1 denote the density of
the position X; restricted to those paths that have not left (0,1). Find u(t, )
explicitly in terms of an infinite series and use the series to find the function
h and the constant 8 such that as t — oo,

u(t,z) ~ e P h(z).
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Brownian Motion

Question 9

Let I denote the indicator function. The event {X; > 0} is a subset of the event {X;}, hence we can
construct the following relation using the tower rule of expectations:
IP(XQ = D| Xy >0):E[H[XQ>O‘X1 >D”
=EE[I[Xz>0]|X1]]| X1 >0
=IE[]P(XQ>O‘X1)|X1 e DJ

To find P(X2 > 0] X4), we write X5 as
Xy = (X2 — Xy) + Xy

Fix X; =2 € R. Since Z = (X2 — X1) is a zero mean normal random variable with the cumulative
distribution function ®, we have

P(Xo>0|Xy=a2)=P(Z+x>0)

=P(Z > —u)

=P(-Z < z)
=P(Z<a) (symmetry of the standard normal distribution)
=&(

Let ¢(z) = &' (). Then, E[P (X2 > 0| X,) | X; > 0] is computed as:

EP(X>0|X:i>0)] _ fo ()¢ (w)dz

E[JP( 2}0‘X1)‘X1>01= IP(X1>D) 05

Now we solve the integral

o = T 1 D
f (x)d(x)dr g j udu = }
0 1/2 8

Therefore, the final answer is equal to

_ Jo ®(@)é(x)dx _3/8 3
E[P(X;> 0| X)) | Xy > 0] =2 —prr— =g = 7.

Let N denote the normal distribution. To check the independence of {X; > 0} and {X; > 0}, we have
that Xz ~ A(0,2) and X; ~ N(0,1), so P(Xz2 > 0) =P(X; > 0) = 0.5. However,

: 1
]P’(X2>D\X1>0):§#P(X2>0):§_

Therefore, {X> > 0} and {X > 0} are not independent.



Question 11

Let @ denote the standard normal cumulative distribution function (CDF). Using the reflection principle
and the fact that X; = X; — 0= X; — Xj is a standard normal distribution, we have

P(M>m)=2P(X, >m)=2(1—-®(m)).

Therefore,

P(M <m)=20(m)—1.
So, the probability density function of M, far, is equal to

L 0d(m)—1)= /2%,

dm ™

To find the mean of M, we have

00 = oo
E[M]= \/gj e i e \/gf e Tdr = \/§
T Jo T o T

To find the variance of M, we compute the second moment of M:

7 = 2

E[M? =y/= | m? Fdm
T Jo
2 m | X m?
TR (,me*? +f e "z dm) (integration by parts)
™ m=0 0

=g f e (using the standard normal CDF)

So, the variance is equal to

Var(M)=E[M?] ~E[M]*=1— ??
Question 14

This question is a slight modification of Example 2 of the textbook on page 187. So, we follow the
pattern described for that example.
Let g be the solution to the heat equation. We are looking for the steady-state equation v, where

v(r) = flllkglo u(t, @)

and  wu(t,x) = EY[g(Xy)].

Comparing our boundaries {0,1} with the boundaries of Examples 2, {0, 7}, we can conclude that g is
of the following form, where n is replaced by mn in the terms inside the summation:

2o T 2
g(z)= E A 5 " sin (mna).
n=1

Since .
/ sin (mna)sin (rme) =0 if n#m,
0

We see that C',, must satisfy

1 1 Lo _ ces
j g(x) sin (mnx) = C'nf sin? (7nx) = Cnf e ] = ﬂ
0 0 0 2 2



Since g is the Dirac delta function at y, we have

1
C, = 2] g(x) sin (wnx) = 2sin (mny).
0

Hence, g and u are respectively of the following forms:

= 226 =t gin (mny) sin (mnaz),
n=1

ut,z) = E[g(x)]

o0
[ Z S5t gin (wny) sin (wna)dy
0o =
i ( (vn)zt

T "gin (wna)
n=

1 _(mize+1y)?
E S = t .
- 2 1 z ‘1111( (Zk + 1)1‘)

Il
[S™]
1L

SHS

So as t — 00, k= 0 term dominates:

s

Hence



NAME: TOTAL:

Final Exam for STAT 580, Stochastic Processes
(©by Prof. Yaozhong Hu Fall 2025

Problem 1 Consider a Markov chain with transition matrix
l1—a a 0
0 1-5 b
c 0 L

where 0 < a,b, ¢ < 1. Find the stationary distribution.

Problem 2 Let p € (0,1). Consider a branching process with offspring distri-
bution

P(Yo=0=p", PYo=1)=2(l-p), Pa=2)=(1-p).

Find the extinction probability.

Problem 3 Failures occur for a mechanical process according to a Poisson
process. Failures are classified as either major or minor. Major failures occur at
the rate of 1.5 failures per hour. Minor failures occur at the rate of 3.0 failures
per hour.

(a) Find the probability that two failures oceur in 1 hour.
b) Find the probability that in half an hour, no major failures occur.
I 3 il

(¢) Find the probability that in 2 hours, at least two major failures occur or
at least two minor failures occur.

Problem 4 A facility has three machines and three mechanics. Machines break
down at the rate of one per 24 hours. Breakdown times are exponentially
distributed. The time it takes a mechanic to fix a machine is exponentially
distributed with mean 6 hours. Only one mechanic can work on a failed machine
at any given time. Let X; be the number of machines working at time ¢. Find
the long-term probability that all machines are working.

Problem 5 Consider the following Markov chain with state space S = {0, 1, ...}.
A sequence of positive numbers py, pa, -+ - is given with 2%, p; = 1. Whenever
the chain reaches state 0 it chooses a new state according to the p;. Whenever
the chain is at a state other than 0 it proceeds deterministically, one step at a
time, toward 0. In other words, the chain has transition probability

ple,z —1)=1,2 >0, p(0,z)=ps,x>0.

Final: stat-580, stochastic processes - 1 of 2



(1) Is this a recurrent chain since the chain keeps returning to 0.

(2) Under what conditions on the p, is the chain positive recurrent? In this
case, what is the limiting probability distribution

Problem 6 Let (N(#),t = 0) be a Poisson process with parameter A.
(a) Find a deterministic function m(t) such that M = (N; — (at)? — m(t) is
a martingale. b
1 martingale (df '&f‘ " mit)
(b) For fixed integer & > 0, let T = min{t : N; = k} be the first time k

arrivals occur for a Poisson process. Show that 7 is a stopping time that
satisfies the conditions of the optional StOINU% theorem.

(¢) Find the standard deviation of T w’a

Problem 7 Let Xy, Xy, - - be iid random variables with values in § = {—11 0,1,2,.--

with mean g < 0. Let Sp =1 and for n > 0
Sp=1+X;1+---+X,.
Let T = min{n; S, = 0}.
(1) Explain why that P (T < >0) =1
(2) Compute E (T).

Problem 8 Let @ > 0 and let T be the first time that standard Brownian
motion (B ,t > 0) exits the interval (—a, a).

(a) Is it possible to find a deterministic function v(t) such that
M(t) = B} — 6tB} + v(t)
is a martingale? If yes, find such v(t).
(b) Show that T < oc and T is a stopping time.
(¢) Find the expected time E (7).

(d) Find the standard deviation of T
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Question 1

Let @ = (m m2 m3) denote the stationary distribution. From the equilibrium equation of finite Markov
chains we have

T 1==ig, a 0
me | =7=7FP= (Wl m 7T3) 0 1-4 b
T3 c 0 1—c¢

The above relation gives us the following set of equations:

m = (1 —a)m +ems am = ey
mo = (1 —b)ma + am = bre = am
w3 = (1 —¢)mz + bma cms = by

We also know that since 7 is a probability distribution, it must be the case that
m +my +m =1,

Therefore, we have

a a
m 4+ m+-m =1,
b c
which results in
B be
= be + ac +ab’
Then, the final answer is equal to
- be - ac and e — ab
Fl_bc+ac+ab’ W?_bc+ac+ab’ e Tr3_bc+ac+ab'

Question 2

Let a be the extinction probability. We know that
a=¢(a) = Z]P(Yo = k) a".
k=0

Therefore, we should solve

a=p*+2p(1 —pla+(1-p)a.

By solving the equation for a, we have

(-2,
_(1-2p+p)x(1-2p) | P
B 2(1—p)? -
(1-p) )
The extinction probability @ would the smaller of the obtained roots depending on the value of p, hence
we have
e {(%p)z- ?Sp<%:
1, ;<p<l



Question 3
Let X; and Y; represent the independent number of major and minor failures in interval ¢, where

[FAY k
P(X;=k) =e 15t % P(Y;=k)=e 3. %

Part a
]P(X1+Y1 :2) :]P(Xl =0and Y} :2)+]P(X1 =2and ¥, :0)+]P(X1 =land Y, = ].)

(independence)
= 45645 4+1.125¢745 4+ 45747
= 10.125e~45.

Part b
IP(XO.:) = 0) = E_D'TJ.

Part ¢

Let A and B be the events that respectively at least two major and minor failures in 2 hours occur. By
De Morgan’s laws we have

P(AUB)=1-P (A“ n BD) Gudependeneely P (A“) P (BD)
We have
P(A)=P(X;=0)+P(Xo=1) = +3 =473,
P (B“) =P(Yz=0)+P(Yz=1)=c®+6e =75
Therefore, the final answer is equal to

P(AUB) :I—P(AD)P(BE) =1-28°

Question 4

We are dealing with a continuous-time finite state Markov chain. The state space is {0,1,2,3} repre-
senting the number of working machines. Let A, and p, be the birth rate and death rate for state n.
We know that the stationary distribution follows the relations:

3
Ai Ao A
ZH:C:_Dl P ) = 01 n—1 .q_l.
Hit1 L1 ... iy

Let us compute g. The birth rate when there are ¢ working machines is equal to (3 — )% The death

rate with there are i working machines is equal to ﬁ Therefore,
A Ao Ao A 1/2 1/2x1/3 1/2x1/3x1
q=1+—0+01+012=1 /+/></ /x/x/6=125.
M1 Mz ppeps 1/24 © 1/24 x2/24  1/24 x 2/24 x 3/24

Hence, the stationary distribution that all machines are working is equal to

(3) = 1/2x 1/3 x1/6 1 64
T M x 2/24x 324 125 125°



Question 5

Part 1

Yes the chain is recurrent because there will always be a non-zero probability of returning to state zero
and reaching any other state from state zero.

Part 2

To have a positive recurrent chain, the expected return time, E[T}], to any state = € {0,1,...} should
be finite. Since the chain is recurrent, it suffices to focus on only state zero because all other states can
be reached from this state. For state zero we should have

E[TDI = 1+Zx'p1:-
=1

Thus, to have E [Tp] < oc, we should have 23021 & - py < 0. Hence, the condition is p, € 0 (#}
Now, we compute the stationary distribution 7. For state zero, we have

m(0) = m(1).
For states 1,2, and 3 we have:

m(1) = w(0)py + 7(2)
m(2) = m(0)p2 + 7(3)
m(3) = w(0)ps + m(4).

So, we conclude that

m(x) = w(0) ij, z>1

We know that since 7 is a probability distribution, it must be the case that
oo
7(0)+ Y w(x) =1.
r=1

Therefore, we have

w(0)+m(0)Y Y pi=1,

r=11=x
which is equal to solving
o0 1
w(0) +=(0) D Y pi=1
1=1 r=1
o0
(D) (1+Zi -p,,) =1
i=1
1
w(0) = T ———
=1 + X ip

We computed w(0), now for states x > 1 we have

Y7 P

W) = — =5
(=) 1+352, i pi



Question 6

Part a

Let s < t. We have to show
E[M; | Fs] = Ms.

Define
A=Ns;—Xs, B:=N—N;—AMt—3).

‘We have that
E[M; | F]=E[(A+ B)? | F] — mit
=E [AQ | .7:5] +2E[AB {.7-}] +E [B2 \ ]:S} —m(t)
= A2+ 2AE[B| FJ +E [Bz | fs] —m(t)
Hence, we need to compute the first and the second moment of B given F,. First, let us determine the
distribution of B given F.. Let 7 =t — s and Z; = N;.¢ — N.;. The independence of increments in

different intervals in a Poisson process implies that Z; is a Poisson with rate A, where E[Z | F,] = At
Hence, we have

E[B|F.=E[Z, | Fs] - A =0.

To compute the second moment of B given F, we have
E[B*| F] =E[Z] | 7] - (Ar)?

Since Z2 = Z,(Z, — 1) + Z., by using the law of the unconscious statistician, we have

E(22 | F\] =E(Z(Z, - 1) | F] + E[Z, | ]
o k
=D k(k— 1)3**7@ + A
k!
k=0
sl )\T E
)( 2_—AT (
)% kZ:; -
:(/\ )2 —/\Te/\T+AT
= (A1)2+ AT
Hence,
E[B?| Fs] =E[22| Fi] — (Ar)? = Ar.
Therefore,

E[M; | Fo] = A2+ Ar = A2+ A(t — 5).

To make M; a martingale we must have
E[M | Fsl = A2+ A(t —s) —m(t) = M, = A% —m(s).
The above relation gives us m(t) — m(s) = A(t — s), or in other words
m'(t) = A

Hence,

m(t) =A+e, ccR



Part b

We need to verify the followings:
1. At every time step t, {T =t} is Fy-measurable.
2. P(T <o) =1

At every timestep ¢, since the value of N; is completely known with the information available at time ¢,
it is known whether k arrivals has occurred or not without looking into the future. Hence, {T =t} is
Fi-measurable.

Let T; denote the ith arrival time that has the exponential distribution with parameter A. We can
write T as

T=T+Ta+-+Tk
On the other hand,

) k
P(T <o) =1-P(T = 00) = 1 - P (UL {T; = oc}) MPLE) 1 S p(T, = o).

i=1

But since k is finite, A > 0, and T; has the exponential distribution for each i, P(T; = oc) is almost
surely zero. Hence,

P(T <oo)=1-P(T=00)=1.
Part ¢

We want to use the following relation for the variance and take its square root in the end to get the

standard deviation:
VIT) =E[T?] - E[T]".

Consider the martingale My = N; — M. Suppose My, My, ... are uniformly integrable (to be proven
later). Since T satisfies the optional sampling theorem conditions and E [|Mr| = |k — AT|] < 00, we can
use the optional sampling theorem that

0=E[M] =E[Mg] =k — AE[T].

Hence,
ol vy
=1
Consider the martingale M; = (N; — At)2 — At. In Part (a) we proved that M; is a martingale. Suppose
My, My, . .. are uniformly integrable (to be proven later). Since T satisfies the optional sampling theorem
conditions and E [|My| = |(k — AT)% — AT|] < o0, we can use the optional sampling theorem that

0=E[My] = E[Mr] =E [(k = AT)2 = AT] .

Hence,
E [(k—XT)2 - AT] =0
E [k = AT(2k+ 1)+ X*T?] =0
E—k(2k+ 1)+ NE[T?] =0
—k* —k+XNE[T?] =0
K+ k
E[r? =21
Therefore,



the standard deviation is equal to:

> %5

Now we need to show that X; = Ny — At and ¥; = (N; — At)2 — At are uniformly integrable. It suffices
to show that there exits constants C, Cy such that

E[X?] <G, E[Y] <Ca
For X; we have:

E[X7] =E[(N, - M)?]

< E[(Nr +AT)?] (we stop at T)
=E[(k+AT)?|

= k2 +2AE[T] + ME [17]

< 00. (7" is almost surely bounded)

For Y; we have:

E [¥2] — E[(V — ) ~ )7

<E[((Nr + AT)? + AT)?] (we stop at T)
=E[(k+N)* +2(k + AT)AT + 2272
< Q. (T is almost surely bounded)

For the sake of brevity and avoiding the repetition of steps that we went through for X;, we omitted
the calculations that explicitly lead to the terms that are moments of T in the proof of ¥;'s uniform
integrability. Nonetheless, since T is almost surely bounded, all of its moments are bounded, which
completes the its corresponding proof.

Question 7

Part 1
By the strong law of large numbers:

1+X1+X2+---+Xnmﬂ

lim — = lim

n—oo 1 —o0 T
Hence for large values of n,
Sp = pn = —oc.
Since Sp =1 and So, = —oo, there must be a time ng, where at ng, S, crosses 0. Now we prove that

not only 5, crosses 0 but it also hits it with probability one. We can write S,,, as
Sne = Sng—1 + Xng-
Consider a crossover scenario; suppose Sy, < 0 so S,,_1 > 1. Since X, > —1, we have
Snp =Sng—1+Xn, >1-12>0.

Because we had assumed that S,,, < 0 and we obtained S, > 0, it must be the case that 5, = 0.
Hence, with probability one, there exists a time T = ng < oo, where ST = 0.

Part 2
B[S =14+E[X) + X2+ -+ X,
E[]E[Sn{TI:H]:l-F]E[E[Xl—f—XQ-Q—+ann:1—]1 (Tgwerru]e)
E[Sr] = 1+ E[uT]



Question 8

Part a

Let s <tand Y = By — Be. Y is a normal distribution with mean 0, variance ¢ — s, and moments

E[Y]=0

E[Yzl—tfs
1
E[Y3] = j 2‘-'d =
¥ 27r(t v ¥
1
E[y?* ] W=a dy = 3(t — s)°.
¥’ = zﬁ(t te D ‘y L

‘We have:

M, = B} — 6sB2 4 u(s),
M= (Bs+Y)*—6t(Bs + Y)2 + (1)
=B+ 4B +6B2Y2 + 4B, Y + Y! - 6tB2 — 12tB,Y — 6tY% + v(1).
Now we want to impose the martingale property:
E[M; | 7] = B! +4BE[Y | || +6BE [Y? | 7] +
4B,E[Y? | F)+E[Y!| F] - 6tB: - 12B,E[Y | F,] — 6tE [Y? | Fo] + »(2)
= By —6sB2 + 35" — 3% +v(t).
Therefore, we solve E [M, | Fs] = M,
— 6582 + 352 —3t2 + v(t) = B —65B2 + v(s)
v(t) — v(s) = 3% — 3s°.

Hence it is enough to choose v(t) = 3t> + ¢, c € R.

Part b

Since paths are continuous in time for Brownian motions, the event {|By| > a} is measurable using the
location of the Brownian motion at time ¢, hence {|By| > a} is Fy-measurable. Consequently, for any
T =t, the event {|Br| > a} is Fy-measurable, therefore T is a stopping time.

Now we show that T < oo almost surely. For simplicity we will only show that the Brownian motion
eventually hits the upper limit a. The argument for hitting the lower limit, —a, follows similarly.

Fix a positive real number ¢ such that B; > a. We have:

P(Biza)=P(Bi2a|T<t)-P(T<H)
=P(Bi 2By |T<t)-P(I'<t)
P(Bi—Br=0|T<t)-P(T<t)

1
75-]]’(1"21‘):

where we used the fact that B; — Br is a normal random variable with mean zero (so is symmetric
around the origin). Therefore,
2

=1 2 =1 u
PIT<t)=P(T<t)=2P (B >a)=2 Tide =2 Tz du.
C<)=P@<n=2PEza =2 — [, 7 Fa

Hence,




Part ¢

Consider the martingale M; = Bf —t. Each random variable My, My, ... is uniformly integrable (the
proof is similar to what we did in Part (¢) of Question 6). Since T satisfies the optional sampling theorem
conditions and E [MTTI =|a® — T|] < 0o, we can use the optional sampling theorem:

0=E[Mo] =E [Mr] =a® - E[T].

Hence,
E[T] = a2
Part d
Consider the martingale M; = Bf — 6iB} + 3t2. In Part (a) we proved that M, is a martingale.
My, My, ... are uniformly integrable (the proof is similar to what we did in Part (c) of Question 6).

Since T satisfies the optional sampling theorem conditions and E [|[Myp| = |a* — 6Ta® + 3T%] < 00, we
can use the optional sampling theorem that

0 = E[Mg] = E[Mr] = E[a* — 6Ta* + 377 .

Hence,
E[a* —6Ta®>+37T° =0
a fBQQE[T]+?E[ =0
—5a* 4+ 3E [Tzl =0
E[T%] =
Therefore,

The standard deviation is equal to



